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Abstrat
We give a model-theoreti haraterization of the lass of
geometri theories lassied by an atomi topos having enough
points; in partiular, we show that every omplete geometri theory
lassied by an atomi topos is ountably ategorial. Some
appliations are also disussed.
1 Some results on atomi toposes
In this setion we present some results on atomi toposes whih are relevant
to our haraterization theorem in the seond setion.
Let us reall the following standard denition.
Denition 1.1. Let E be a topos. An objet A ∈ E is said to be an atom
of E if the only subobjets of A (up to isomorphism) are the identity arrow
1A : A→ A and the zero arrow 0A : 0→ A, and they are distint from eah
other.
The following proposition desribes the behaviour of assoiated sheaf
funtors with respet to atoms.
Proposition 1.2. Let E be a topos and j a topology on it with assoiated
sheaf funtor aj : E → shj(E). If A is an atom of E then aj(A) is an atom
of shj(E), provided that it is non-zero.
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Proof Given a monomorphism m : C → aj(A) in shj(E), m is a
monomorphism also in E sine the inlusion i : shj(E) →֒ E preserves
monomorphisms (having a left adjoint). Now, denoted by η the unit of the
adjution aj ⊣ i, onsider the pullbak
C ′
m′
//

A
ηA

C
m
// aj(A)
in E . The arrow m′ is a monomorphism in E , being the pullbak of a
monomorphism, so, sine A is an atom of E we dedue that m′ is either
(isomorphi to) the identity arrow on A or the zero arrow 0A. Now, by
applying aj to the pullbak above we obtain a pullbak in shj(E) (as aj
preserves pullbaks); but aj(ηA) ∼= 1aj(A), so m
∼= aj(m
′) and m is either
(isomorphi to) the identity or the zero arrow on aj(A); of ourse, if
aj(A) ≇ 0shj(E) these two arrows are distint from eah other. 
We reall that an atomi topos is an elementary topos E whih possesses an
atomi geometri morphism E → Set. We refer the reader to setion C3.5
in [6℄ for a omprehensive treatment of the topi of atomi toposes. Here we
limit ourselves to remarking the following fats.
Proposition 1.3. Let E be a Grothendiek topos. Then
(i) E is atomi if and only if it has a generating set of atoms;
(ii) if {ai | i ∈ I} is a generating set of atoms for E then the atoms of E are
exatly the epimorphi images of the atoms in the generating set; in
partiular, E has only a set of (isomorphism lasses of) atoms.
Proof (i) Suppose that E is atomi. Then all the subobjet latties in E
are atomi Boolean algebras (fr. p. 685 [6℄) and hene every objet of E
an be written as a disjoint oprodut of atoms; on the other hand, there
an be only a set of atoms (up to isomorphism) in E , by the argument at
the top of p. 690 [6℄. Conversely, if E has a generating set of atoms then
the full subategory C of E on it satises the right Ore ondition and
E ∼= Sh(C, Jat), where Jat is the atomi topology on C (fr. the disussion p.
689 [6℄); so it is atomi (by Theorem C3.5.8 [6℄).
(ii) This was remarked p. 690 [6℄. 
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As a onsequene of Propositions 1.2 and 1.3(i), we may dedue that any
subtopos of an atomi Grothendiek topos E is atomi; indeed, the images
of the atoms in a generating set of E via the orresponing assoiated sheaf
funtor learly form a generating set for the subtopos. In fat, this property
holds more generally at the elementary level (i.e. every subtopos of an
atomi topos is atomi), by the following argument. Let E be an atomi
topos; then, E being Boolean, every subtopos F of E is open (by Proposition
A4.5.22 [6℄) and hene the inlusion of F into E is an atomi morphism (by
Proposition A4.5.1 [5℄); this implies that the geometri morphism F → Set
is atomi, being the omposite of two atomi morphisms (the inlusion
F →֒ E and the morphism E → Set); so F is atomi. In terms of sites, if
E ∼= Sh(C, JCat) (where C satises the right Ore ondition and J
C
at is the
atomi topology on it) then the subtoposes of it an be desribed as follows.
Let F be a subtopos of E ; as we have already remarked, F must be open,
that is of the form E/U →֒ E for a subterminal objet U in E . Now, by
Remark C2.3.21 [6℄, U an be identied with a Jat-ideal on C, that is with a
olletion of objets C′ of C with the property that for any arrow f : a→ b
in C, a ∈ C′ if and only if b ∈ C′. If we regard C′ as a full subategory of C
then Sh(C, JCat)/U
∼= Sh(C′, JC
′
at ) (where J
C′
at is the atomi topology on C
′
).
Indeed, we may dene an equivalene as follows. Given a objet G→ U in
Sh(C, JCat)/U , for every c ∈ C whih does not belong to C
′
we must have
G(c) = ∅, sine we have an arrow G(c)→ U(c) and U(c) = ∅; so we
assoiate to it the restrition G|C′, whih is a J
C′
at -sheaf sine J
C′
at learly
oinides with the Grothendiek topology indued by JCat on C
′
. It is now
lear that this assigment denes an equivalene between our two ategories.
So we have proved that the subtoposes of Sh(C, JCat) are exatly those of the
form Sh(C′, JC
′
at ) where C
′
is a full subategory of C with the property that
for any arrow f : a→ b in C, a ∈ C′ if and only if b ∈ C′. Also, sine the
assigment sending a subterminal objet in E to the orresponding open
subtopos of E is a lattie isomorphism from SubE(1) to the lattie of open
subtoposes of E , two suh subtoposes of Sh(C, JCat) are equivalent if and
only if the orresponding ategories are equal (as subategories of C).
Next, let us onsider a general ategory C. We know that, provided that C
satises the right Ore ondition, one an dene the atomi topology on C as
the topology having as overing sieves exatly the non-empty ones. Suh a
topology does not exist on a general ategory C but, by analogy with it, we
may dene the atomi topology JCat on C as the smallest Grothendiek
topology on C suh that all the non-empty sieves are overing; of ourse,
this denition speializes to the well-known one in the ase C satises the
right Ore ondition. As stated in following proposition, the orresponding
ategory of sheaves is an atomi topos.
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Proposition 1.4. Let C be a ategory and JCat the atomi topology on it.
Then Sh(C, JCat) is an atomi topos.
Proof Let C′ be the full subategory of C on the objets whih are not
JCat-overed by the empty sieve. Then, by the Comparison Lemma, we have
that Sh(C, JCat)
∼= Sh(C′, JCat|C′). We now prove that C
′
satises the right
Ore ondition and JCat|C′ = J
C′
at , that is for every sieve R in C
′
, R 6= ∅ if and
only if R is JCat|C′-overing; from this our thesis will learly follow. In one
diretion, suppose that R 6= ∅. Then the sieve R generated by R in C is
obviously non-empty and, C′ being a full subategory of C, we have that
R ∩ arr(C′) = R; so R is JCat|C′-overing by denition of indued topology.
Conversely, suppose that R is a JCat|C′-overing sieve on an objet c ∈ C
′
.
Then there exists a JCat-overing sieve H on c in C suh that
H ∩ arr(C′) = R. Suppose R be empty; then for every arrow f in H we
have ∅ ∈ JCat(dom(f)). But H is J
C
at-overing so from the transitivity axiom
for Grothendiek topologies it follows that ∅ ∈ JCat(c), ontradition sine
c ∈ C′. So we onlude that R is non-empty, as required. 
Remark 1.5. By the transitivity axiom for Grothendiek topologies, the
subategory C′ in the proof of the proposition above satises the property
that for any arrow f : a→ b in C, a ∈ C′ if and only if b ∈ C′; in other
words, C′ is a union of onneted omponents of C. In partiular, if C′ 6= C
(i.e. C does not satisfy the right Ore ondition) and C is onneted then
C′ = ∅, that is the topos Sh(C, JCat) is trivial.
The following result generalizes the proposition above.
Proposition 1.6. Let E be a Grothendiek topos with a generating set L
and j be an elementary topology on E suh that all the monomorphisms
a→ b in E where a ≇ 0 and b ∈ L are j-dense. Then shj(E) is an atomi
topos.
Proof By Proposition 1.2, it is enough to prove that the images of the
objets of L via the assoiated sheaf funtor aj form a generating set of
objets of shj(E) whih are either zero or atoms. Our argument follows the
lines of the proof of Proposition 1.2. Given an objet b ∈ L and a
monomorphism m : a→ aj(b) in shj(E), onsider the pullbak
a′
m′
//

b
ηb

a m // aj(b)
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in E . The arrow m′ is a monomorphism in E , being the pullbak of a
monomorphism, so, if a′ ≇ 0 then m′ is j-dense by our hypotheses, that is
aj(m
′) is an isomorphism. But aj preserves pullbaks, from whih it follows
that m is an isomorphism. If instead a′ ∼= 0 then
a ∼= aj(a
′) ∼= aj(0) = 0shj(E) so m is the zero arrow on aj(b). 
Remark 1.7. We note that Proposition 1.4 is the partiular ase of
Proposition 1.6 when E is a presheaf topos [Cop,Set], L is the olletion of
all the representables on C and j is the elementary topology on [Cop,Set]
orresponding to the atomi topology on C; indeed, the sieves in C on an
objet c ∈ C an be identied with the subobjets in [Cop,Set] of the
representable C(−, c).
Now, let us briey onsider another approah for obtaining an atomi topos
starting from a general one, based on the onsideration of the atoms of the
given topos.
Proposition 1.8. Let E be a Grothendiek topos and L a olletion of
atoms of E , regarded as a full subategory of E . Then, if JEcan is the
anonial topology on E , the topos Sh(L, JEcan|L) is atomi.
Proof Obviously, sine every arrow in L is an epimorphism in E , we have
JLat ⊆ J
E
can|L so Sh(L, J
E
can|L) is a subtopos of the topos Sh(L, J
L
at). But
Sh(L, JLat) is atomi by Proposition 1.4, hene Sh(L, J
L
at) is atomi by the
disussion following the proof of Proposition 1.3. 
Let us now haraterize the atoms of the topos Sh(C, JCat), where C is a
ategory satisfying the right Ore ondition.
Proposition 1.9. Let Sh(C, J) be a loally onneted topos, and
aJ : [C
op,Set]→ Sh(C, J) be the assoiated sheaf funtor. Then all the
funtors aJ(C(−, c)) are onneted objets of Sh(C, J) if and only if all the
onstant funtors Cop → Set are J-sheaves.
Proof Consider the diagram
Sh(C, J)
p
%%J
JJ
JJ
JJ
JJ
i
// [Cop,Set]
q
yyss
ss
ss
ss
s
Set
of geometri morphisms in the 2-ategory of Grothendiek toposes, where p
and q are the unique geometri morphisms respetively from Sh(C, J) and
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[Cop,Set] to Set. Both these geometri morphisms are essential, that is
their inverse image funtors have left adjoints, whih we indiate
respetively by p! and q!; indeed, p is essential beause by hypothesis
Sh(C, J) is loally onneted, while q is essential by Example A4.1.4 [5℄. It
is well-known that the representables in [Cop,Set] are all indeomposable,
so q!(C(−, c)) = 1 for eah c ∈ C. Now, the ondition that all the onstant
funtors Cop → Set are J-sheaves is learly equivalent to demanding that
q∗ = i ◦ p∗ where i is the inlusion Sh(C, J) →֒ [Cop,Set] or, passing to the
left adjoints, that q! = p! ◦ a (of ourse, the equalities here are intended to
be isomorphisms); but, sine all these funtors preserve olimits (having
right adjoints) and every funtor in [Cop,Set] is a olimit of representables,
the equality above holds if and only if 1 = q!(C(−, c)) = p!(aJ(C(−, c)), that
is if and only if the aJ(C(−, c)) are all onneted objets of Sh(C, J).

Remark 1.10. We note that for a general Grothendiek site (C, J), the
onstant funtor ∆∅ : Cop → Set is a J-sheaf if and only if every J-overing
sieve is non-empty, and all the onstant funtors ∆L : Cop → Set for a
non-empty set L ∈ Set are J-sheaves if and only if for eah objet c ∈ C, all
the J-overing sieves on c are empty or onneted as full subategories of
C/c; in partiular, the onjution of these two onditions implies, by
Theorem C3.3.10 [6℄, that the topos Sh(C, J) is loally onneted.
As a onsequene of Proposition 1.9 and Remark 1.10, we dedue that if C
is a ategory satisfying the right Ore ondition and J is a Grothendiek
topology on C suh that every J-overing sieve is non-empty, then all the
funtors a(C(−, c)) are onneted objets of the loally onneted topos
Sh(C, J). In partiular, if JCat is the atomi topology on C then the
a(C(−, c)) are all atoms of the atomi topos Sh(C, JCat) (sine in an atomi
topos the atoms are preisely the onneted objets, fr. p. 685 [6℄); sine
they also form a generating set for the topos Sh(C, JCat), we dedue from
Proposition 1.3(ii) that the atoms of Sh(C, JCat) are exatly the epimorphi
images of the funtors of the form a(C(−, c)). By using Yoneda's lemma,
one an easily rephrase this ondition as follows: a JCat-sheaf F is an atom
of Sh(C, JCat) if and only if there exists an objet c ∈ C and an element
x ∈ F (c) with the property that every natural transformation α from F to
any JCat-sheaf G is uniquely determined by its value α(c)(x) at x.
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2 The haraterization theorem
In this setion we prove our main haraterization result onerning the
geometri theories lassied by an atomi topos with enough points.
Let us rst introdue the relevant denitions and establish some basi fats.
For the general bakground we refer the reader to [6℄.
Conerning notation, for onveniene signatures are supposed to be
one-sorted throughout the whole setion, but all the arguments an be
easily adapted to the general many-sorted ase.
Denition 2.1. Let T be a geometri theory. T is said to be atomi if its
lassifying topos Set[T] is an atomi topos.
Denition 2.2. Let T be a geometri theory over a signature Σ. T is said
to have enough models if for every geometri sequent σ over Σ, M  σ for
all the T-models M in Set implies that σ is provable in T.
Note that sine the soundness theorem for geometri logi always holds (see
for example Proposition D1.3.2 p. 832 [6℄), the lass of theories with
enough models is exatly the lass of geometri theories for whih `the'
ompleteness theorem holds.
Proposition 2.3. Let T be a geometri theory over a signature Σ. Then T
has enough models if and only if its lassifying topos Set[T] has enough
points.
Proof By denition, Set[T] has enough points if and only if the inverse
image funtors f ∗ of the geometri morphisms f : Set→ Set[T] are jointly
onservative. Now, sine the geometri morphism fM : Set→ Set[T]
orresponding to a T-model M in Set satises f ∗(MT) = M (where MT is
the universal model of T lying in Set[T]) then it follows from Lemma
D1.2.13 p. 825 [6℄ that if a geometri sequent σ over Σ is satised in every
T-model M in Set then σ is satised in MT, equivalently it is provable in T.
Conversely, suppose that T has enough models. Then it is easily seen, by
using an argument analogous to that employed in the proof of Proposition
D3.3.13 p. 915 [6℄, that Set[T] has enough points. 
Denition 2.4. Let T be a geometri theory over a signature Σ. T is said
to be omplete if every geometri sentene φ over Σ is T-provably
equivalent to ⊤ or ⊥, but not both.
Remark 2.5. From the topos-theoreti point of view, a geometri theory is
omplete if and only if its lassifying topos is two-valued (to see this, it
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sues to onsider the syntati representation for the lassifying topos as
the ategory of sheaves on the geometri syntati ategory of the theory
with respet to the `syntati topology' on it); moreover, if T is atomi then
its lassifying topos is two-valued if and only if it is (atomi and) onneted
(fr. the proof of Theorem 2.5. [2℄).
Given a geometri theory T over a signature Σ, from now on we will denote
the relation of T-provable equivalene of geometri formulas over Σ in the
same ontext by
T
∼.
Denition 2.6. Let T be a geometri theory over a signature Σ. T is said
to be Boolean if it lassifying topos is a Boolean topos.
Remark 2.7. We reall from [3℄ that a geometri theory T over a signature
Σ is a Boolean if and only if for every geometri formula φ(~x) over Σ there
exists a geometri formula ψ(~x) over Σ in the same ontext, denoted ¬φ(~x),
suh that φ(~x) ∧ ψ(~x)
T
∼ ⊥ and φ(~x) ∨ ψ(~x)
T
∼ ⊤.
From this riterion, it follows that if T is a Boolean then every innitarily
disjuntive rst-order formula over Σ (i.e. an innitary rst-order formula
over Σ whih do not ontain innitary onjuntions) is T-provably
equivalent using lassial logi to a geometri formula in the same ontext;
indeed, this an be proved by an indutive argument as in the proof of
Theorem D3.4.6 p. 921 [6℄.
Denition 2.8. Let T be a geometri theory over a signature Σ. Two
T-models (in Set) M and N are said to be geometrially equivalent if and
only if for every geometri sentene φ over Σ, M  φ if and only if N  φ.
Let us reall that a model M of a geometri theory T over a signature Σ is
said to be onservative if M  σ for every geometri sequent σ over Σ
implies σ provable in T.
The following result represents the geometri analogue of the well-known
haraterization of ompleteness of a rst-order theory in model theory.
Below, by a trivial geometri theory we mean a geometri theory in whih
⊥ is provable.
Proposition 2.9. Let T be a non-trivial Boolean geometri theory with
enough models. Then the following are equivalent:
(i) T is omplete;
(ii) for every geometri sentene φ, either φ
T
∼ ⊤ or ¬φ
T
∼ ⊤;
(iii) every two T-models in Set are geometrially equivalent;
(iv) every T-model M in Set is onservative.
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Proof (i)⇔ (ii) is obvious.
(i)⇒ (iii) For any geometri sentene φ over Σ, either φ
T
∼ ⊤, and hene
M  φ for all the T-models, or φ
T
∼ ⊥, and hene M 2 φ for all T-models;
so (iii) immediately follows.
(iii)⇒ (i) Given a geometri sentene φ over Σ, sine T has enough models,
if φ
T
≁ ⊤ then there exists a T-model M in Set suh that φ does not hold in
M ; then φ does not hold in any T-model in Set, these models being all
geometrially equivalent. This preisely means that the geometri sequent
φ ⊢[] ⊥ holds in every T-model in Set, that is, T having enough models,
φ
T
∼ ⊥.
(iii)⇒ (iv) Given a geometri sequent φ ⊢~x ψ over Σ, it is lear that for any
T-model M , φ ⊢~x ψ holds in M if and only if the innitarily disjuntive
rst-order sentene ∀~x(φ→ ψ) holds in M . But, by Remark 2.7, this
formula is T-provably equivalent using lassial logi to a geometri
sentene; so we onlude that if a geometri sequent is satised in a
T-model M then it is satised in every T-model in Set and hene, T having
enough models, it is provable in T.
(iv)⇒ (iii) is obvious.

Remarks 2.10. (a) As it is lear from the proof, the equivalene (i)⇔ (iii)
in the proposition above holds in general for any geometri theory with
enough models.
(b) Sine every Boolean topos having enough points is atomi (Corollary
C3.5.2 p. 685 [6℄), the impliation (i)⇒ (iv) in the proposition above an be
seen, in view of Remark 2.5, as the logial version of the topos-theoreti
fat that every point of a onneted atomi topos is a surjetion (fr.
Proposition C3.5.6(ii) [6℄).
Denition 2.11. Let T be a geometri theory over a signature Σ. A
type-in-ontext (or, more briey, a type) of T is any set of geometri
formulas over Σ in the same ontext of the form {φ(~x) | M  φ(~a)}, where
M is a model of T in Set and ~a is a tuple of elements of (the underlying set
of) M ; the type {φ(~x) | M  φ(~a)} will be denoted by ST(M,~a).
A type of T is said to be omplete if it is maximal (with respet to the
inlusion) in the set of all types of T.
A type S of T is said to be prinipal if there exists a formula φ(~x) ∈ S suh
that for any geometri formula ψ(~x) over Σ in the same ontext, φ(~x)
T-provably implies ψ(~x) if (and only if) ψ(~x) ∈ S; the formula φ(~x) is said
to be a generator of the type S.
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Remark 2.12. Note that, by Proposition 2.9, the notion of omplete
geometri theory introdued above rewrites in terms of types as follows: a
non-trivial geometri theory T having enough models is omplete if and
only if for any two T-models M and N in Set, ST(M,[]) = S
T
(N,[]).
Denition 2.13. Let Σ be a signature, M a Σ-struture and N a
substruture of M . Then N is said to be a geometri substruture of M if,
for every geometri formula φ(~x) over Σ and any tuple of elements ~a (of the
same length as ~x) from N , M  φ(~a) if and only if N  φ(~a); equivalently,
S∅(M,~a) = S
∅
(N,~a) for any tuple ~a of elements of N (where ∅ denotes the empty
geometri theory over Σ).
Remark 2.14. It is easy to prove by indution on the struture of
geometri formulas that every geometri formula is equivalent in geometri
logi to an innitary disjuntion of geometri formulas whih do not
ontain innitary disjuntions; sine these latter formulas are in partiular
rst-order, we may dedue that if N is an elementary substruture of M
then N is a geometri substruture of M ; moreover, given a geometri
sequent φ(~x) ⊢~x ψ(~x), if this sequent holds in M then it also holds in N .
Indeed, for every tuple ~a of elements in N (of the same length as ~x),
N  φ(~a) implies M  φ(~a), whih in turn implies M  ψ(~a) and hene
N  ψ(~a) (where the rst and third impliations follow from the fat that
N is a geometri substruture of M). We note that this remark justies the
use of the downward Löwenheim-Skolem theorem in the ontext of
geometri logi; more preisely, given a geometri theory T over a signature
Σ of ardinality |Σ|, if T has a model M suh that |M | ≥ |Σ| then T has a
model of ardinality |Σ|.
Below by `ountable' we mean either nite or denumerable.
Denition 2.15. Let T be a geometri theory. Then T is said to be
ountably ategorial if any two models of T in Set of ountable ardinality
are isomorphi.
We remark that, by our denition, any geometri theory having no models
in Set is (vaously) ountably ategorial.
The following denition is the geometri equivalent of the notion of atomi
model in lassial model theory.
Denition 2.16. Let T be a geometri theory over a signature Σ. A model
M of T in Set is said to be atomi if for any tuple of elements ~a of M , the
type ST(M,~a) is prinipal and omplete.
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Let us reall from [3℄ that a geometri theory over a signature Σ is Boolean
if and only if every geometri formula φ(~x) over Σ whih is stably
onsistent with respet to T (i.e. suh that φ(~x) ∧ ψ(~x)
T
≁ ⊥ for every
geometri formula ψ(~x) over Σ in the same ontext) is provable in T; let us
also reall from [6℄ that a geometri theory T is atomi if and only if all the
subobjet latties in the geometri syntati ategory CT of T are atomi
Boolean algebras (this also follows from the results in the rst setion by
using the fat that every subobjet in the lassifying topos Set[T] of T of
an objet in CT lies in CT). We will make use of these haraterizations in
the proof of the theorem below.
Theorem 2.17. Let T be a omplete geometri theory having a model in
Set. Then the following are equivalent:
(i) T is ountably ategorial and Boolean
(ii) T is atomi
(iii) every T-model in Set is atomi
Proof (i)⇒ (ii) By Proposition 2.9, any Boolean omplete geometri
theory with a model in Set has enough models; so the thesis follows from
the fat that every Boolean topos with enough points is atomi (Corollary
C3.5.2 p. 685 [6℄).
(ii)⇒ (iii) Let M be a T-model in Set and ~a be a tuple of elements of M ; we
want to prove that ST(M,~a) is prinipal and omplete. Consider the subobjet
lattie SubCT({~x . ⊤}) in the geometri syntati ategory CT of T, where ~x
is a set of variables of the same length as ~a. Sine Sub
C
T
({~x . ⊤}) is an
atomi Boolean algebra, we an write {~x . ⊤} as a disjution of atoms of
SubCT({~x . ⊤}); so, sine {~x . ⊤} obviously belongs to S
T
(M,~a), there exists
exatly one atom of Sub
CT
({~x . ⊤}) (up to T-provable equivalene) whih
belongs to ST(M,~a); then it is lear that this atom generates the type S
T
(M,~a).
So we have proved that all the types of T are prinipal; it remains to verify
that they are also omplete. To this end, let us rst observe that T is
Boolean (sine every atomi topos is Boolean). So, given an inlusion
ST(M,~a) ⊆ S
T
(N,~b)
of types of T, this inlusion must be an equality beause if
there were a formula φ(~x) ∈ ST
(N,~b)
\ ST(M,~a) then, by denition of ¬φ(~x), we
would have ¬φ(~x) ∈ ST(M,~a) and hene ¬φ(~x) ∈ S
T
(N,~b)
, a ontradition.
(iii)⇒ (ii) Let us rst prove that T is Boolean, that is every formula φ(~x)
whih is stably onsistent with respet to T is provable in T. Given a
T-model M and a tuple ~a of elements of M of the same length as ~x, let
ψ(M,~a) be a generator of the type S
T
(M,~a). As we have already observed,
under our hypotheses T has enough models so, sine φ(~x) ∧ ψ(M,~a)
T
≁ ⊥,
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there exists a T-model N and a tuple ~b of elements of it (of the same length
as ~x) suh that φ(~x) and ψ(M,~a) both belong to S
T
(N,~b)
. Now, sine ψ(M,~a)
generates the type ST(M,~a), it follows that S
T
(M,~a) ⊆ S
T
(N,~b)
and hene, sine all
the types of T are omplete, ST(M,~a) = S
T
(N,~b)
. This in turn implies that
φ(~x) ∈ ST(M,~a), that is M  φ(~a). Sine the T-model M and the tuple ~a are
arbitrary, we onlude, again by invoking the fat that T has enough
models, that φ(~x) is provable in T, as required. Now that we have proved
that T is Boolean, to show that T is atomi, it remains to verify that all the
Boolean subobjet latties in the geometri syntati ategory CT of T are
atomi, equivalently for every formula φ(~x)
T
≁ ⊥ there exists an atom below
it in the Boolean algebra SubCT({~x . ⊤}). If φ(~x)
T
≁ ⊥ then, sine T has
enough models, there exists a T-model M and a tuple ~a of elements of it (of
the same length as ~x) suh that φ(~x) ∈ ST(M,~a). It is now enough to hek
that the generator ψ(M,~a) of the type S
T
(M,~a) is an atom of SubCT({~x . ⊤});
this follows similarly as above by using the fat that T has enough models
and the types of T are omplete.
(ii)⇒ (i) Being atomi, T is Boolean, as every atomi topos is Boolean. To
prove that T is ountably ategorial, let us distinguish two ases: either T
has a nite model in Set or all the models of T are innite.
Let us suppose that all the models of T are innite. We have to prove that
any two denumerable models of T are isomorphi. We will onstrut
expliitly suh an isomorphism as in the proof of Theorem 7.2.2 p. 336 [4℄.
Let M and N be two models of T of ardinality ℵ0. Then, T being
omplete, we have ST(M,[]) = S
T
(N,[]) by Remark 2.12. Let us rst prove by
indution on k ∈ N the following fat: given tuples ~a and ~b of length k
respetively in M and N suh that ST(M,~a) = S
T
(N,~b)
, and an element d ∈ N
there exists an element c ∈M suh that ST(M,~a,c) = S
T
(N,~b,d)
(and,
symmetrially, given an element c ∈ M there exists an element d ∈ N suh
that ST(M,~a,c) = S
T
(N,~b,d)
). Consider the type ST
(N,~b,d)
; this is prinipal, by our
hypotheses (having already proved the impliation (ii)⇒ (iii) in the
theorem), so it is generated by a formula ψ(~x, y). Now, N  (∃yψ(~x, y))(~b)
so sine ST(M,~a) = S
T
(N,~b)
we dedue that there exists c ∈M suh that
M  ψ(~a, c); but ψ(~x, y) is a generator of ST
(N,~b,d)
and all the types of T are
omplete by our hypothesis, so we onlude that ST(M,~a,c) = S
T
(N,~b,d)
, as
required. Now, sine M and N are geometrially equivalent by Proposition
2.9, an obvious bak-and-forth argument yields two sequenes
(m0, m1, . . . , mk, ...) and (n0, n1, . . . , nk, ...) enumerating respetively M and
N , suh that for eah k ∈ N ST(M,m0,m1,...,mk) = S
T
(N,n0,n1,...,nk)
; then the map
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f : M → N sending eah mk to nk is an isomorphism of T-models, as it is a
bijetion preserving the interpretation of all the atomi formulas.
Let us instead suppose that T has a nite model M in Set of ardinality n.
Consider the geometri sequents (over Σ)
⊤ ⊢[] ∃x1 . . .∃xn( ∧
1≤i<j≤n
xi 6= xj) and
∧
1≤i<j≤n
xi 6= xj ⊢x1,...,xn,y ∨
1≤i≤n
y = xi,
where for eah i and j, the expression xi 6= xj denotes the omplement of
the formula xi 6= xj in the subobjet lattie SubCT({xi, xj . ⊤}) of the
geometri syntati ategory CT of T (reall that, sine the lassifying topos
of T is Boolean, these sublatties are all Boolean algebras).
Clearly, a model N of T satises these sequents if and only if it has
ardinality n; so in partiular M satises them. But, T being Boolean and
omplete, M is a onservative model of T by Proposition 2.9, so these
sequents are provable in T. From this, it follows that all the models of T
have ardinality n. Sine they are all atomi (by the impliation (ii)⇒ (iii)
in the theorem), a bak-and-forth argument as above yields an isomorphism
between any two models of T.

Remarks 2.18. (a) The equivalene (i)⇔ (ii) in the theorem above
generalizes the analogous result for oherent theories obtained by A. R.
Blass and A. £edrov in [1℄.
(b) As it is lear from the proof of the theorem above, the equivalene (ii)⇔
(iii) holds in general for any geometri theory with enough models, while
the impliation (ii)⇒ (i) holds for any omplete geometri theory.
Given a geometri theory T over a signature Σ, by a `quotient' of T we
mean a geometri theory T′ over Σ suh that every axiom of T is provable
in T′; if T′ is omplete, then we say that T′ is a ompletion of T.
Let us now desribe the ompletions of an atomi theory T. Sine
SubCT({[] . ⊤}) is an atomi Boolean algebra, we an write ⊤ as a
disjuntion∨
i∈I
φi of geometri sentenes whih are atoms of SubCT({[] . ⊤}).
Then the ompletions of T are preisely the theories Ti obtained from T by
adding to it an axiom of the form ⊤ ⊢[] φi. Indeed, by our results in the
rst setion, a subtopos E/U of an atomi topos E is two-valued if and only
if U is an atom of E ; also, if E is atomi then we have a deomposition of 1E
as a disjoint sum of atoms∨
i∈I
Ui of SubE(1E) and hene E learly
deomposes as the oprodut of the toposes E/Ui for i ∈ I. Now, if E is the
lassifying topos Set[T] of an atomi theory T, then the toposes appearing
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in suh deomposition an be learly identied as the lassifying toposes
Set[Ti] ≃ Set[T]/[[φi]]G of the Ti, where G is the universal model of
Set[T]; so we may onlude by Remark 2.5 that the ompletions of T are
preisely the Ti, and in partiular that they are all atomi theories. In
passing, we note that if E is the ategory Sh(C, JCat) of sheaves on a
ategory C with the respet to the atomi topology JCat on it (fr. the rst
setion of this paper for the denition of the atomi topology on a general
ategory), this deomposition oinides (by the results in the rst setion)
with the deomposition of Sh(C, JCat) as the oprodut of the toposes
Sh(C′, JC
′
at ) as C
′
ranges in the set of onneted omponents of C.
By ombining this disussion with Theorem 2.17 we thus obtain the
following result: all the ompletions of an atomi geometri theory are
ountably ategorial.
Finally, let us indiate how it is possible to dedue from Theorem 2.17 a
representation result for onneted atomi toposes with a point. From the
proof of the theorem, it is lear that, provided that it exists, the unique (up
to isomorphism) ountable model M of an atomi omplete theory T over Σ
satises the following property: any two tuples from M sasfy exatly the
same geometri formulas over Σ if and only if there exists an automorphism
of M whih sends one to another. Then one an prove, by arguments
analogous to those employed in the proof of Theorem 3.2 [1℄, that the
lassifying topos for T is equivalent to the topos of ontinuous G-sets where
G is the group of automorphisms of M equipped with the `topology of
pointwise onvergene' (i.e. the topology dened by delaring a basis of
neighbourhoods of the identity to onsist of the subgroups
G~a = {α ∈ G | α xes eah element of ~a}, for nite tuples ~a in M .
3 Appliations
Theorem 3.1. Let T be a geometri theory having a model in Set in whih
every stably onsistent formula with respet to T is satised. Then T has a
quotient whih is omplete, ountably ategorial, and has a model in Set.
Proof Consider the Booleanization T′ of the theory T (as it was dened in
[3℄). T′ is a geometri theory over Σ, and our hypotheses say preisely that
T′ has a model M in Set. Then, the geometri theory Th(M) over Σ
having as axioms all the geometri sequents over Σ whih are satised in
M , is omplete and ontains (in the obvious sense) the theory T′; so its
lassifying topos Set[Th(M)] is a subtopos of the Boolean topos Set[T′],
and hene it is a Boolean topos (by Proposition A4.5.22 [5℄). But the
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theory Th(M) has enough models (M being a onservative model for it), so
Set[Th(M)] has enough points (by Proposition 2.3) and hene it is atomi,
by Corollary C3.5.2 [6℄. Our thesis now follows from Theorem 2.17. 
Remark 3.2. We note that if the signature of the theory T in Theorem 3.1
is ountable then the quotient of T in the statement of the theorem has
exatly one ountable model in Set up to isomorphism; indeed, this follows
from the downward Löwenheim-Skolem theorem (fr. Remark 2.14).
The terminology in the following result is taken from [2℄.
Theorem 3.3. Let T be a theory of preshaf type suh that the ategory
(f.p.T-mod(Set)) satises the amalgamation and joint embedding properties.
Then any two ountable homogeneous T-models in Set are isomorphi.
Proof As it is remarked in [3℄, the Booleanization T′ of T axiomatizes the
homogeneous T-models. Now, we have already observed that an atomi
geometri theory is omplete if and only if its lassifying topos is (atomi
and) onneted (fr. Remark 2.5). So T′ is omplete, sine its lassifying
topos T′ ≃ Sh((f.p.T-mod(Set))op, Jat) is atomi and onneted, by
Theorems 2.5. and 2.6. in [2℄. Our thesis now follows from Theorem 2.17.
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